Abstract. The Kerr solution for empty space-time is presented in an ellipsoidally symmetric coordinate system and it is used to produce generalised ellipsoidal metrics appropriate for the generation of rotating interior solutions of Einstein's equations. It is shown that these solutions are the familiar static perfect fluid cases commonly derived in curvature coordinates but now endowed with rotation. These are also shown to be potential fluid sources for not only Kerr but also Kerr-de Sitter empty space-time. The approach is further discussed in the context of T-solutions of Einstein's equations and the vacuum T-solution outside a rotating source is presented. The interior source for these solutions is shown not to be a perfect fluid but rather an anisotropic three component perfect fluid for which the energy momentum tensor is derived. The Schwarzschild interior solution is given as an example of the approach.
Introduction
The problem of finding a suitable rotating fluid source which joins smoothly to the asymptotically flat, vacuum gravitational field first published by Kerr [1] remains of considerable interest in general relativity. Candidate closed form solutions are extremely rare and only for the important case of thin super-massive rotating discs, supported by internal pressure have analytic sources been derived as is the case of Pichon and Lynden-Bell [2] . The interior solution of Wahquist [3] solution has been the subject of considerable interest as a possible, although physically unrealistic solution. However recently Bradley et al [4] demonstrated that a fit to the Kerr solution was not possible even though Sarnobat and Hoenselaers [5] showed using a series approximation method, that a fit was possible up to second order terms in an angular velocity parameter. The series approach to the matching problem is more common in the literature. For example Hartle [6] uses a second order perturbation technique to describe the slow rotation of equilibrium 1 configurations of cold stars with constant angular velocity whilst Wiltshire [7] generalises this approach using Darmois [8] boundary conditions (see also Bonnor and Vickers [9] ).
In an alternative approach it has been suggested that imperfect fluid solutions of Einstein's equations may produce suitable sources for Kerr empty space-time. Both Hernandez [10] and Lettelier [11] have produced possible alternative energy momentum tensors although the latter is more realistic, offering as it does, a clear interpretation of anisotropy in fluid sources based upon an invariant combination of two component perfect fluids. These tensors have not been used significantly in the context of rotation. However non-rotating anisotropic solutions of Einstein's equations based upon the energy momentum tensor of Lettelier have been derived by many authors. For example, Mak and Harko [12] and Sharma and Maharaj [13] have recently derived solutions with a view to determining physically realistic fluid sources matching the exterior Schwarzschild solution. Since the pioneering work on anisotropy by Bowers and and Liang [14] there has been considerable study of relativistic anisotropy and reviews have been presented by Delgaty and Lake [15] and Herrera and Santos [16] . The notion of anisotropy in rotating sources will be shown to be of considerable significance in the discussion below.
Although mathematical descriptions of rotation frequently centre upon axially symmetric stationary metrics, for example Stephani [17] and Islam [18] it has been shown by Krasiński [19] that the axially symmetric ellipsoidal form may hold advantages in terms the description of relativistic fluid interiors, a fact reinforced through its close resemblance to the geometry associated with rotating Newtonian fluids. More recently both Rácz [20] and Zsigrai [21] have generalised the ideas of Krasinski and provided a rigorous mathematical basis for their study although they were not exploited in terms of generating rotating fluid interiors.
It is the aim here to build upon this work and demonstrate how the ellipsoidal form may be used to describe rotating fluid interiors in such a way that they form a natural match to both Kerr analso Kerr-de Sitter vacuum space-times. This is achieved by observing the close links between ellipsoidal metrics and the normal curvature forms used to determine static non-rotating solutions of Einstein's equations. The non-rotating static solutions are sometimes referred to as R-solutions Novikov, [25] Novikov and Zeldovich [26] and McVittie and Wiltshire [27] and these have 'mirrror' solutions, valid within the Schwarzschild radius, known as T-solutions which will also be shown to have a rotating ellipsoidal counterpart. In this way the T-vacuum counterpart to the Kerr and the Kerr-de Sitter solution will be presented in Section 3. An appropriate rotating fluid source suitable for matching ellipsoidally symmetric geometry is discussed in Sections 4 and 5. In particular it will be shown that suitable model sources may be constructed using an extension of the Lettelier anisotropic approach to a tensor constructed from three component fluid sources. Details of the matching process are presented and applied to the Schwarzschild Interior solution endowed with rotation.
Ellipsoidal and curvature coordinate systems
In the following a metric with axially ellipsoidal symmetry will be discussed in the form
where f = f (ρ, θ), λ = λ(ρ, θ), ν = ν(ρ, θ). It will be used to describe the gravitational field of a rotating anisotropic fluid source. Axially symmetric ellipsoidal geometry has been described by for example Krasiński [19] and Zsigrai [21] and an important property in the following is that the Kerr vacuum solution of Einstein's equations is given by:
where he constant a is the angular velocity parameter. Equations (2) to (4) may be cast into the more familiar Boyer-Lindquist [22] form by setting ρ 2 = r 2 − 2mr as has been shown by Rácz [20] .
To determine possible interior solutions of Einstein's equations consider the generalised form of equations (2) to (4) but with the similar structure:
where X = X(ρ), Y = Y (ρ) and Z = Z(ρ) are arbitrary functions of ρ.
In general the Einstein tensor G a b for this metric has non-zero components
is satisfied whenever:
where a suffix indicates a derivative. This has a particular solution
which will be used in equation (5) . When the angular velocity parameter a = 0, the metric (1) may be transformed to the normal curvature coordinate system:
where, α = α(r) and β = β(r), by means of the coordinate transformation:
Using this transformation the metric (1) can be written in the following ellipsoidal-curvature form
wheref =f (r, θ),λ =λ(r, θ),ν =ν(r, θ) and:
The Kerr solution described in Boyer-Lindquist coordinates can be obtained by substituting
of the Schwarzschild solution into (13) . Notice that in the case when the cosmological constant Λ = 0, the Kerr vacuum space-time generalises to the Kerr-de Sitter solution first found by Carter [23] . For such cases the metric (13), with equations (14) to (16) , may be generalised in a way which retains the property that G 1 2 = 0 = G 2 1 and reduces to (11) when the angular velocity parameter a = 0. The result can be written compactly in the form:
where,
The metric in the form (18) is a generalisation of Kerr-de Sitter vacuum solution presented by Akcay and Matzner [24] . This particular form can be found by setting:
in (18) and (19) .
Consider now potential fluid sources with energy momentum tensor T a b for the metric (13) Einstein's equations in the form:
In principle any solution of Einstein's equations corresponding to the non-rotating curvature system (11) can be substituted into the ellipsoidalcurvature form (13) , (14) to (16) and it will satisfy the condition G 1 2 = 0 = G 2 1 . However whilst metrics of the form (11) are also often used (for example Stephani et al [17] ) in the description of perfect fluid sources
these are not also compatible with a source described by a rotating ellipsoidalcurvature solution given by (13) . For example isotropy of pressure p is not possible in these cases. Similar comments are also valid for a generalised source consisting of a two component perfect fluid presented by Lettelier [11] and described by
Thus recent examples, Mak and Harko [12] , Sharma and Maharaj [13] of anisotropic two component fluid sources (23) described by the metric (11) can also be substituted into (13) to correspond to a rotating source with G 1 2 = 0 = G 2 1 . However the source would no longer be described by equation (23) .
An appropriate anisotropic fluid source for the metric (13) will be discussed in Section 4.
Ellipsoidal forms of the T-solution
However before this discussion note that the metric (11) also has a Tsolution counterpart as has been described by Novikov [25] , McVittie and Wiltshire [27] of the form:
where V = V (t) and W = W (t) and the metrics (11) and (25) are related by means of the transformation:
so that for empty space-time 1− 2m/r = −(2m/t − 1). The bars are omitted in the notation to give (25) . It is interesting to use the approach developed in the previous section to develop metrics applicable to rotating interior T-solutions and further to determine a T-solution form of Kerr empty space-time. Hence using the approach of the previous section together with the transformation (26) the ellipsoidal-curvature metric (13) may be adapted to a form appropriate for use in a T-region as follows:
where now f T = f T (t, θ), λ T = λ T (t, θ), ν T = ν T (t, θ) and:
Note that in equations (27) 
For example the non-rotating T-solution due to McVittie and Wiltshire [27] :
may be substituted into the rotating system (27) , and (28 to (30) with the result that G 1 2 = 0 = G 2 1 . Potential sources for solutions of this type will be provided in the next section.
In the particular case of the vacuum T-solution in (25) :
direct substitution of (32) into equations (27) to (30) demonstrates that:
for all values of t and θ thus the resulting vacuum solution of Einstein's equations is T-region analogue of the Kerr solution.
In the case when the cosmological constant Λ = 0, the metric (27) , with equations (28) to (30), may be generalised in a way which retains the property that G 1 2 = 0 = G 2 1 . and reduces to (25) when a = 0. The result is:
Finally, the corresponding Kerr-de Sitter vacuum T-solution can be found by substituting:
in (18) and (19) . The T-solutions will not be investigated further here.
A three component perfect fluid tensor
In this section suitable fluid sources will be provided for the rotating systems described by (13) , (18) and (27) , (34) by generalising the energy momentum tensor (23) from a two component to a three component fluid tensor. This can be achieved by considering the following three perfect fluids which will form the components of the new tensor:
where
and where ρ A , ρ B , ρ C are the respective internal energy densities and p A , p B , p C are the respective internal pressures. The fluid velocity four vector are u a , v a and w a and satisfy:
In an extension of the method introduced by Letelier [11] the composite three component tensor T ab (u, v, w) is now formed such that:
and which may also be expressed in the form
where ̺ expresses the energy density of the composite tensor and S ab the stress tensor component To achieve the form (43) note that equation (42) with equations (37) to (39) is a quadratic form and is invariant under the transformation:
where R 1 , R 2 , R 3 are the Euler rotation matrices:
Thus from equation (42) with equations (37) to (39) and the transformation (44) it follows that:
Note that equation (48) together with (41) implies that:
Thus whenv a andw a are transformed to be spacelike so thatv av a < 0 and w aw a < 0 then it follows from (50) thatū a is timelike so thatū aū a > 0. Such a transformation is possible by requiring orthogonality ofū a ,v a ,w a so thatū 
These conditions result in three equations for the Euler anglesφ,θ,ψ which are lengthy and so are not presented here.
To present the three component fluid tensor (42) in form of (43) define:
where U a is a timelike vector and χ a , ξ a are spacelike vectors so that
and which also satisfy the orthogonality conditions:
With the further definition
it follows from (48) and (52) that
Thus from (55) it can be seen that (48) may be written in the form
This of course is a natural extension to three perfect fluid components of the tensor first proposed by Lettelier [11] for the two component perfect fluid tensor (23).
A particular three component fluid source for empty spacetime
Consider now the conditions which are applicable such that the metric (13) for a rotating ellipsoidal system is compatible with the energy momentum tensor in the form (57). First notice that the only non zero components of the Einstein tensor are G 1 1 , G 2 2 , G 3 3 , G 4 4 and G 3 4 , G 4 3 which means that the vectors U a , χ a , ξ a defined in (54) and (55) must satisfy:
Thus from (57) it can immediately be shown that:
and that the pressure p satisfies the consistency relationship:
It follows therefore that:
may be computed from equations (59), (60), (61), (63), (65), (67) and (68). In principle the results are expressible in closed form even if practice it would rarely be attempted.
It is now convenient to apply Darmois junction conditions [8] which require the continuity of the first and second fundamental forms across a boundary surface r = r b .
In the case of the curvature coordinate system (11), without rotation, a = 0, continuity of the first fundamental form implies:
whilst continuity of the second fundamental form requires continuity of α r across the r = r b which also implies a zero value for the pressure. In particular:
In the case of a rotating source defined by the metric (13) and its junction with Kerr empty space time continuity of the first fundamental form is again satisfied by equation (69) but continuity of the second fundamental form now gives rise to
and so is a more general form of (70). This equation hold for all values of the velocity parameter a as can be seen by the direct calculation of the pressure term 8πσ = G 1 1 which takes the following form:
8πσ(r, θ) = − e −2β r 4 (2rα r − e 2β + 1) (r 2 + a 2 cos 2 θ) 3 − e −2β a 2 cos 2 θ(−2α r r 3 − 2r 2 + r 2 e −2α + r 2 e 2(α+β) ) (r 2 + a 2 cos 2 θ) 3 .
However note in general that:
6. Schwarzschild Interior solution as a source for Kerr empty space-time
The above procedure may conveniently be used to demonstrate how the Schwarzschild interior solution expressed in curvature coordinates (11) can be embedded into the metric (13) for a rotating system which matches the Kerr metric smoothly in accordance with the Darmois junction conditions. The Schwarzschild interior solution, with constant energy density is given by:
where r = r b defines the boundary with the Schwarzschild vacuum solution and the solution is written in a form which satisfies the Darmois junction conditions. This solution can now be embedded into (13) coupled with (14) to (16) to describe a rotating system. It follows from the results of the previous section that the values of U a , χ a , ξ a , σ, ̟, p, ̺ can be calculated at the boundary r = r b . The results are presented in closed form and as a power series for which a 2 << r 2 and it is found that:
Moreover:
This confirms that the boundary pressure becomes important only when terms in a 2 are significant. The boundary value of the internal density is:
and the constant density term for the non-rotating system is apparent when a power series expansions is employed. Furthermore from (67):
which means that:
The junction conditions are completed by calculating the anisotropy vectors χ a and ξ a at r = r b as follows:
Rotation with equation of state
Although in the previous section closed form calculations were given at the junction r = r b no attempt was made to write the closed expressions for the physical parameters in terms of r. In general the expressions are too cumbersome and series approximations or numerical calculations would normally be necessary.
Even for the particular solution due to Tolman [28] satisfying the equation of state p = ̺/3 where:
the corresponding rotating solution, not matching empty space-time, is most easily expressed as a power series in angular velocity parameter a that provided a << r. It is straight forward to show that:
and interesting to note that the presence of rotation (together with large values of r) tends generally to decrease pressure σ in the direction of χ a whilst at the same time increasing pressure ̟ in the direction of ξ a . In addition the pressure p is 
with a non-cosinusoidal term which reduces p in the direction orthogonal to χ a and ξ a in the presence of rotation. The internal density ̺ is:
which generally increases in the presence of rotation. The expressions for the velocity four vector U a become:
with:
Finally the anisotropy vectors χ a and ξ a are given by:
Clearly the anisotopy deceases with increasing values of r.
Discussion
The research presented here has built upon the notions of axial ellipsoidal symmetry and anisotropy of pressure to present a method of determining rotating interior fluid solutions which match the Kerr (or Kerr-de Sitter) vacuum solution smoothly. These interiors may be thought of as standard base static solutions of Einstein's equations but now endowed with rotation. The base solutions can be either isotropic or anisotropic but presented in a curvature coordinate system. These base solutions, also known as R-Solutions can be transformed into T-solutions, applicable within the Schwarzschild radius and it has been shown how these can also be endowed with rotation. The method was applied to empty space-time to give the T-region counterpart of the Kerr and the Kerr-de Sitter solution.
For this method to be applicable it has been necessary to extend the ideas of anisotropy to a three component perfect fluid as metrics with axial ellipsoidal symmetry are not compatible with perfect fluid sources or the two component perfect fluid originally derived by Lettelier. Thus if this technique is to have wide applicability it is necessary to establish the existence of this type of anisotropy from a physical point of view and also the bounds on the validity of the assumption of axial ellipsoidal symmetry. Clearly if rotation is to be based upon a perfect fluid source then space-times with ellipsoidal symmetry are not appropriate and alternative methods should be employed.
In principle the rotating interiors presented here can be expressed in closed form and an example of this has been given using the Schwarzschild interior metric endowed with rotation at the fluid boundary with empty space-time. None the less the closed forms have a highly complex structure and the use of power series in the angular velocity parameter seem inevitable. Clearly it is important to establish criteria by which to analyse these rotating solutions with a view to establishing models that are physically realistic.
